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The recent observation of a transmitted Thz pulse oscillating at three times the frequency of the
incident light paves the way to a new protocol to access resonant excitations in a superconductor.
Here we show that this non-linear optical process is dominated by light-induced excitation of Cooper
pairs, in analogy with a standard Raman experiment. The collective amplitude (Higgs) fluctuations
of the superconducting order parameter give in general a smaller contribution, unless one designs
the experiment by combining properly the light polarization with the lattice symmetry.
PACS numbers: 74.20.-z,74.25.Gz,74.25.N-
The enormous technological advances made in the last
two decades in the time-domain spectroscopy[1, 2] pose
several challenges for our understanding of the interac-
tion of the light with the matter. The use of low-energy
THz waves[3] to first excite (pump) and then measure
(probe) the system is particularly interesting for super-
conductors, since they can access the region ω < 2∆0
of the optical spectrum where linear-response absorp-
tion is suppressed by the opening of a superconducting
(SC) gap ∆0 in the quasiparticle spectrum. For exam-
ple, recent[4, 5] THz pump-THz probe experiments have
shown that the probe field displays a periodic oscillation,
whose possible connection to amplitude (Higgs) fluctu-
ations of the SC order parameter has been investigated
theoretically[7–11].
An interesting additional effect made possible by the
use of intense electromagnetic (e.m.) THz field is the ex-
perimental observation[5] of the so-called third-harmonic
generation (THG), i.e. the appearance below Tc in the
transmitted pulse of a component oscillating three times
faster then the incident light. This effect appears only
below Tc with a maximum intensity at the temperature
where the light frequency ω matches the SC gap value
∆0(T ), and has been attributed[5, 6] to a resonant exci-
tation of the Higgs mode. However, we show here that
THG is dominated by the resonant excitations of Cooper
pairs (CP), (see Fig. 1), overlooked in previous theoreti-
cal work[5, 6].
In contrast to pump-probe experiments[4, 5], where
the description of the intermediate relaxation processes of
the photoexcited states becomes relevant[7–11], the THG
effect can be understood as an equilibrium, non-linear
optical process. In this paper we compute microscopi-
cally the non-linear optical response of a superconductor
and we show that the THG essentially measures lattice-
modulated density correlations, that in the SC state di-
verge at the threshold 2∆0 above which Cooper pairs
(CP) proliferate. This effect induces a resonant enhance-
ment of the THG intensity when the frequency 2ω of the
incoming electric field coincides with 2∆0, as observed
Figure 1. Schematic of the THG. An intense THz pulse shin-
ing on the SC sample generates a transmitted component os-
cillating three times faster, due to the resonant excitations of
Cooper pairs or Higgs fluctuations. The higher intensity of
the former process can be modulated by changing the polar-
ization of the incident light.
experimentally. Once identified the relevant non-linear
optical response function, we also find that the Higgs-
mode contribution is largely subleading, due to symme-
try reasons. Indeed, even if the Higgs mode can be ex-
cited by the THz field, as discussed previously[5, 6], it
essentially decouples from the optical probe. This is a
consequence of the weak coupling between the SC am-
plitude and density fluctuations in BCS superconductors
[4, 13–15], as usually discussed in the context of Raman
experiments[14, 15, 17]. The potential analogy with Ra-
man experiments emerges also on the non-trivial depen-
dence of the THG on the the relative orientation between
the e.m. field and the main crystallographic axes, due
to the lattice symmetries of the band structure. This
effect can be tested e.g. in cuprate superconductors,
where large monocrystals have been already studied by
non-linear spectroscopy[18]. Even though this polariza-
tion dependence can also be used to selectively excite the
Higgs mode, its weak signal remains a major obstacle to
its detection. Finally, by including the CP effects, miss-
ing in previous theoretical work[5, 6] due to an incorrect
computation of the non-linear optical response, we repro-
duce very well the temperature dependence of the THG
measured in Ref. [5].
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2We start from a microscopic SC model that captures
the main ingredients of the problem:
H =
∑
k,σ
ξkc
†
kσckσ −
U
Ns
∑
q
Φ†∆(q)Φ∆(q), (1)
where ξk = εk−µ is the electronic dispersion with respect
to the chemical potential µ, U > 0 is the SC coupling and
Φ∆(q) =
∑
k c−k+q/2↓ck+q/2↑. In mean-field approxima-
tion the Green’s function in the usual basis of Nambu op-
erators Ψ† = (c†k↑, c−k↓) readsG
−1
0 = iωnτˆ0−ξkτˆ3+∆0τˆ1,
where τˆi are Pauli matrices, ∆0 is the SC gap and
Ek =
√
ξ2k + ∆
2
0. The coupling to the gauge field A
can be introduced by means of the Peierls substitution,
c†i+xˆci → c†i+xˆcieieA·xˆ. To derive the e.m. kernel we
follow a standard procedure[1, 20] to derive the action
SA written in terms of the gauge field A and SC collec-
tive modes. Since the coefficients of the effective action
are given by fermionic susceptibilities this approach al-
lows one to include both the quasiparticles and collective-
mode contributions to the optical kernel, as it has been
proven already for the linear response[3, 21]. As we shall
see below, it turns out that the most relevant contribu-
tions to the non-linear current JNL can be written in a
compact notation as
JNL ∼ A(χCP + χH)A2, (2)
χCP ∼ 〈ρρ〉, χH ∼ 〈∆∆〉. (3)
where the CP contribution χCP probes lattice-modulated
density fluctuations, while the Higgs contribution χH is
proportional to the amplitude fluctuations. Even though
both terms diverge at ω = ∆0, the prefactor of χH turns
out to be strongly suppressed by the particle-hole symme-
try of the BCS solution, making it largely subdominant
with respect to the CP one.
To make this argument quantitative we compute the
non-linear response by expanding the action SA up to
the fourth order in A. For an uniform field the terms
relevant for the THG are then:
S[A] =
1
2
∑
Ωn
e4A2i (Ωn)χ
CP
ij (Ωn)A
2
j (Ωn) +X∆∆(Ωn)|∆(Ωn)|2
+ 2e2A2i (Ωn)χA2i∆(Ωn)∆(−Ωn) (4)
where A2j (Ωn) is the Fourier transform of (Aj(t))2 in Mat-
subara frequency iΩn = 2pinT . The first term of Eq. (S6)
is the CP response, as given by
χCPij (iΩn) = 〈ρiρj〉 = ∆20
∑
k
∂2i εk∂
2
j εkFk(iΩn), (5)
Fk(iΩn) =
1
Ns
tanh(Ek/2T )
Ek [(iΩn)2 − 4E2k]
, (6)
where we introduced the short notation ∂2i εk ≡
∂2εk/∂k
2
i . Here 〈. . . 〉 denotes the correlation function for
the operator ρi(q) =
∑
k ∂
2
i εk c
†
k+qck, showing that χ
CP
ij
scales as the density-density correlation function (given
in the BCS limit by χρρ ≡ ∆20
∑
k Fk(iΩn)), as antici-
pated in Eq. (2) above. Indeed, the band derivatives ∂2i εk
just represent in a lattice model the equivalent of the in-
verse mass 1/m for free electrons, and they always come
along with a A2i (ω) term in the effective action[3, 20].
The second term in Eq. (S6) describes the collective fluc-
tuations of the SC amplitude ∆, 〈|∆|2〉A=0 = 1/X∆∆,
given as usual[4, 7, 13, 14, 23] by
X∆∆(ω) = (4∆
2
0 − ω2)F (ω), F (ω) =
∑
k
Fk(ω) (7)
By analytical continuation iΩn → ω + i0+ one can eas-
ily see that both χCP (ω) and F (ω) display a square-root
divergence as ω → 2∆0, that signals the proliferation of
CP above the gap. As it is well known, this effects makes
the Higgs a non-relativistic mode[4], i.e. amplitude fluc-
tuations display a overdamped resonance at ω = 2∆0.
Finally, the third term in Eq. (S6) describes the coupling
between the e.m. field and the Higgs mode, mediated by
the function
χA2i∆(iΩn) = 〈ρi∆〉 = 2∆0
∑
k
(∂2i εk)ξkFk(iΩn). (8)
Eq.s (S8) and (S9) define the basic correlation functions
needed to compute the THG. They also explain why for
BCS superconductors, where they are given explicitly by
the r.h.s. of Eq. (S8)-(S9), χA2i∆ is very small. Indeed,
in the continuum limit, where the band dispersion can be
approximated with a parabolic one εk ' k2/2m, so that
∂2i εk ' 1/m, χA2i∆ vanishes, since
χA2i∆(ω) '
NF
m
∫ ∞
−∞
dξ
ξ√
ξ2 + ∆20(ω
2 − 4∆20 − 4ξ2)
' 0,
where the integration range can be taken symmetric due
to the approximate particle-hole symmetry of the BCS
solution[4, 13]. This result explains the suppression of
the Higgs contribution to the THG.
To derive the non-linear e.m. kernel we integrate out
the amplitude fluctuations in Eq. (S6), that is equivalent
to compute the RPA vertex correction of the bare bubble
χCPij [6, 20]. One is then left with the action depending
on the e.m. field only,
S(4)[A] =
e4
2
∫
dt dt′
∑
i,j
A2i (t)Kij(t− t′)A2j (t′), (9)
Kij(t− t′) =
[
χCPij (t− t′) + χHij (t− t′)
]
(10)
where the Higgs contribution χHij reads
χHij (iΩn) ≡ −
χA2i∆(iΩn)χA2j∆(iΩn)
X∆∆(iΩn)
, (11)
and it is also diverging at ω = 2∆0 due to the vanishing
of X∆∆, see Eq. (7). The non-linear current JNLi follows
3by functional derivative of Eq. (S14) with respect to A:
JNLi (t) = −
δS(4)[A]
δAi(t)
= −2e4Ai(t)
∫
dt′
∑
j
Kij(t−t′)A2j (t′),
(12)
Eq. (12), with the definition (S15) of the e.m. kernel, cor-
responds to Eq. (2) above. For a monocromatic incident
field A = A¯ cos(Ωt) it is given by
JNLi (t) =
e4A¯i
4
∑
j
{
e−3iΩtKij(2Ω)+
+ e−iΩt [2Kij(0) +Kij(2Ω)] + c.c.
}
A¯2j (13)
where one recovers the term oscillating at three times
the incident frequency, with an amplitude controlled by
the kernel Kij evaluated at 2Ω. In the experiments of
Ref. [5] the physical observable is the transmitted elec-
tric field Etr, that one expects to be proportional to
the current (13). As a consequence the intensity of the
THG can be evaluated from Eq. (13) as ITHGi (Ω) ∝∣∣∫ dtJNLi (t)e3iΩt∣∣2, that for a monocromatic wave gives
ITHGi (Ω) = I0e
8A2i |
∑
j
Kij(2Ω)A¯
2
j |2, (14)
where I0 is an overall scale factor that depends on the
geometry of the experiment.
To quantify explicitly the lattice effects we compute the
non-linear response for a nearest-neighbors tight-binding
model on the square lattice εk = −2t(cos kx + cos ky),
and we will consider first the half-filled case n = 1
(µ = 0), where only the SC amplitude mode contributes
to the non-linear response. By making the replacement
∂2i εk = 2t cos ki in Eqs. (S8) and (S9) one sees that
χA2∆ is independent on the direction while the CP part
(S8) is a tensor. Let us first consider the case of a field
applied along the x axis, so that ITHGx is controlled
by the longitudinal Kxx kernel. The two separate CP
(ICPx (Ω) ∝ |χCPxx (2Ω)|2 or Higgs (IHx (Ω) ∝ |χH(2Ω)|2
contributions to the THG intensity for a monocromatic
field are shown in Fig. 2a. As one can see, even if the
functional form is similar for the two terms, the CP con-
tribution is much larger, and one can roughly estimate
IHx ∼ (∆/U)4ICPxx . The predominance of the CP re-
sponse implies also a non-trivial dependence of the THG
intensity on the direction of the incoming applied field
with respect to the crystallographic axes. In the general
case of A¯ = A0 cos(Ωt)(cos θ, sin θ), θ being the angle
with respect to the x axis, the intensity of the transmit-
ted pulse in the field direction is:
ITHGθ (Ω) = I0e
8A60|Kθ(2Ω)|2 (15)
Kθ = χ
CP
xx (cos
4 θ + sin4 θ) + 2χCxy sin
2 θ cos2 θ + χH(16)
where we used the fact that χCPyy/yx = χ
CP
xx/xy. When A¯
is applied along the diagonal (θ = pi/4) the longitudi-
nal χCPxx and transverse χCPxy parts of the CP response
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Figure 2. (a) Comparison between the CP and Higgs con-
tribution to the THG intensity at T = 0 as a function of
the frequency Ω for a field along x and a residual broaden-
ing ω + iδ, δ = 0.1∆0. (b) Relative intensity of the Higgs
and CP processes at ω = ∆0 as a function of the density for
two values of the SC coupling. Here the Coulomb screening
from Eq.s (S18)-(S19) has been included. (c) Map of the fre-
quency dependence of the THG intensity, Eq. (15), for a field
at arbitrary angle θ with respect to the x direction.
are equally weighted. In this peculiar configuration one
sees from the definitions (S8)-(S9) that χCPxx + χCPxy =
−∆0χA2∆/2, i.e. the diverging CP contribution cancels
out, and only the resonant Higgs response remains:
JNLpi/4(t) =
e2∆0
U
A(t)〈∆(t)〉, (17)
where 〈∆(t)〉 is the average value of the amplitude
fluctuations obtained from Eq. (S6), i.e. 〈∆(ω)〉 =
e2χA2∆(ω)A
2(ω)/X∆∆(ω) in the frequency domain. The
angular dependence of ITHGθ (Ω) for is shown in Fig. 2c
as a colour map: at θ = pi/4, where one probes only
the Higgs mode, the intensity is strongly suppressed, in
agreement with the result shown in Fig. 2a. This predic-
tion can be tested in systems like cuprate superconduc-
tors, where the band structure has in first approximation
the symmetry discussed here and large monocristals have
been already used to probe SC resonances by pumping
the system with near-infrared light[18]. It is worth noting
that all these effects have been completely overlooked in
the previous work[5, 6] due to the incorrect replacement
in the CP term (S8) of the quantity ∂2i εk, that is finite
at the Fermi surface, with ξk, that is instead vanishing.
This assumption removes both the divergence of the CP
term χCPij (ω) at ω = 2∆ and its direction dependence,
4and leads always to the result (S32), that is instead far
from being generic. In addition, we also checked[20] that
the expression (S15) can be obtained as well by means of
the pseudospin formalism used in Ref. [5, 6].
Since the response function (S15) is dominated by the
electronic states at the Fermi surface, the quantitative
difference between the CP and Higgs response depends in
general on the electron density n. To quantify this effect
away from half-filling one should retain in the derivation
(S6) of the effective action also the terms[20] coupling the
gauge field and the Higgs mode to the phase and density
fluctuations, mediated by the response functions
χA2iρ(iΩn) = 〈ρiρ〉 = ∆20
∑
k
∂2i εkFk(iΩn), (18)
χρ∆(iΩn) = 〈ρ∆〉 = ∆0
∑
k
ξkFk(iΩn). (19)
These terms, that vanish by particle-hole symmetry in
the half-filled case, are crucial to account for the screen-
ing effects of the long-range Coulomb potential, in anal-
ogy again with the known result for the Raman response
function[17]. By means of straightforward but lengthly
calculations one can then show[20] that the non-linear
response function retains the structure (S15) with the
replacements
χCPij → χCP,scij = χCPij −
χ2A2ρ
χρρ
, (20)
χH → χH,sc = −
(
χA2∆ − χA2ρχρ∆/χρρ
)2
X∆∆ − χ2ρ∆/χρρ
. (21)
where we used the fact that for the lattice model under
consideration the function (18) is isotropic in the spa-
tial indexes. While the mixing to the density and phase
modes does not affect[4] the pole of the Higgs, identified
now by the vanishing of the denominator of Eq. (S19), it
is crucial to screen both the CP and Higgs response as
one moves away from half-filling. In Fig. 2b we show the
ratio ICPx (∆)/IHx (∆) as a function of the electron den-
sity n for two values of the SC coupling U . As we can
see, even for the large value U/t = 2.6 of the SC cou-
pling, where the deviations from the BCS (approximate)
particle-hole symmetric case become more prominent, in-
ducing a larger coupling of the Higgs to the light, the CP
part remains the predominant one for the longitudinal
response even in the low-density regime.
In addition to the strong direction dependence of the
THG intensity, a second check of the origin of the THG
effect is its temperature evolution, measured in Ref. [5].
For a policristalline sample one should average the kernel
Eq. (16) over θ, to account for the random direction of
the e.m. field with respect to the crystallographic axes.
One then finds that J¯NLθ =
[
JNLx + J
NL
pi/4
]
/2 ' JNLx /2,
so that one expects that the CP processes dominate. To
check this we compute[20] the non-linear current induced
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Figure 3. (a) Profile of the incoming field, and (b) correspond-
ing power spectra, used to simulate the experiments of Ref.
[5]. The three central frequencies Ωi of the power spectra are
compared in panel (c) to the temperature dependence of the
SC gap. For each Ωi the resonant condition Ωi = ∆0(T ) oc-
curs at a different temperature, in analogy with Ref. [5]. (d-e)
Temperature evolution of the THG intensity in the experi-
ments (d), in the case of CP processes (e) and in the case of
the Higgs processes alone (f), computed for n = 1, U/t = 2.6.
Data computed at different Ωi are normalized to have a sim-
ilar overall scale, as done in panel (d). The excitation of the
Higgs mode alone gives the wrong T dependence of the THG
signal for the lowest frequency Ω1, as marked by the arrow.
by an incoming electric field A(t) having a wave-packet
profile similar to the one used in the experiments of Ref.
[5], see Fig. 3a. In the frequency domain this wave
packet corresponds to the power spectra shown in Fig.
3b, centred at three possible values Ωi of the incoming
frequency. The temperature evolution of the THG inten-
sity, i.e. Ix(3Ωi), is then shown in Fig. 3d-f, where we
compare the experimental data from Ref. [5] (panel d)
with the theoretical calculations done including only the
CP processes (panel e) or the Higgs contribution (panel
f). Apart from the small overall intensity of the THG
Higgs signal, that cannot be seen in the normalized data
of Fig. 3, the excitation of the Higgs mode alone fails to
reproduce the temperature dependence of the signal at
the lowest frequency Ω1.
In conclusion, we studied the non-linear optical effects
responsible for the THG in a superconductor. Since
the relevant response function (S15) measures lattice-
modulated density fluctuations, see Eq. (S8), the optical
process responsible for the THG is equivalent to a reso-
nant excitation of CP. The Higgs-mode contribution is in-
stead much smaller, since its coupling (S9) to the optical
probe is suppressed by symmetry, in analogy with stan-
dard Raman experiment[13–15, 17], unless some addi-
5tional channel makes the Higgs Raman visible[13, 14, 24].
In addition, also for THG experiments one can orient
the light polarization with respect to the main crystal-
lographic axes in order to modulate the THG intensity
due to Cooper pairs. Even though this effect can be
used in principle to selectively excite the Higgs signal,
the weakness of its coupling to the light represents a ma-
jor obstacle to its detection in optical experiments, in
analogy with the results recently discussed in the context
of linear optical spectroscopy[4]. The interplay between
the non-linear optical effects discussed here and the non-
equilibrium processes[7–11] addressed in the context of
pump-probe experimental protocols[1, 2, 4, 5] remains
an open question, that certainly deserves future experi-
mental and theoretical work.
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1Supplemental Material
DERIVATION OF THE NON-LINEAR OPTICAL
KERNEL
Let us start from Eq. (3) of the manuscript, that can
be rewritten in real space as:
H = −t
∑
〈i,j〉σ
(
c†iσcjσ + h.c.
)
− U
∑
i
c†i↑c
†
i↓ci↓ci↑. (S1)
To investigate the physics of the collective fluctua-
tions around the mean field solution we follow the
usual Hubbard-Stratonovich (HS) procedure[S1], as im-
plemented e.g. in Refs. S2 and S3. We then introduce
in the action for the fermions a bosonic complex field
ψ∆(τ) which decouples the onsite interaction term of (S1)
in the pairing channel. At T < Tc one can choose to
represent the superconducting (SC) fluctuations in po-
lar (amplitude and phase) coordinates, by decomposing
ψ∆(τ) = [∆0 + ∆i(τ)]e
iθi(τ), where ∆i(τ) represent the
amplitude fluctuations of ψ∆ around the mean-field value
∆0 of the SC order parameter and θ its phase fluctua-
tions. By making a Gauge transformation ci → cieiθi/2
the dependence on the phase degrees of freedom is made
explicit in the action. We also add to the model (S1)
an additional interaction term representing the effect of
Coulomb interactions:
Hc =
1
2
∑
k,k′,q
σσ′
V (q)c†k+q,σc
†
k′−q,σ′ck′,σ′ck,σ (S2)
where V (q) is the Fourier transform of the Coulomb po-
tential in the D dimensional lattice. At small q it re-
duces to the expression in the continuum limit, so that
V (q) → λe2/|q|D−1 where λ = 4pi/B for D = 3 while
λ = 2pi/B for D = 2, εB being the background dielectric
constant. This term can be decoupled in the particle-hole
channel by means of an additional HS field ψρ = ρo + ρ,
which couples to the electronic density Φρ,i =
∑
σ c
†
iσciσ
and represents the density fluctuations ρ of the system
around the mean-field value ρ0. Finally, the Gauge field
A can be introduced by means of the Peiersl substitution
c†i+xˆci → c†i+xˆcieieA·xˆ, that modifies only the kinetic part
of the Hamiltonian.
After the Hubbard-Stratonovich decoupling the action
is quadratic in the fermionic fields that can then be in-
tegrated out leading to the effective action for the fields
∆, θ , ρ and A:
Seff [∆, θ, ρ] = SMF + SFL[∆, θ, ρ,A] , (S3)
where SMF =
N∆20
TU +
Nρ20
TU −Tr ln(−G−10 ) is the mean-field
action, G−10 = iωnσˆ0 − ξkσˆ3 + ∆0σˆ1 is the BCS Green’s
function and
SFL =
∑
n≥1
Tr(G0Σ)n
n
(S4)
is the fluctuating action, with the trace acting both in
spin and momentum space. Here Σkk′ denotes the self-
energy for the fluctuating fields, which reads explicitly:
Σkk′ = −
√
T
N
∆(k − k′)σ1 −
√
T
N
ρ(k − k′)σ3 −
√
T
N
i
2
θ(k − k′) [(k − k′)0σ3 − (ξk − ξk′)σ0]−
− T
2N
∑
qi,i
θ(q1)θ(q2)
∂2ξk
∂k2i
sin
q1,i
2
sin
q2,i
2
σ3δ(q1 + q2 − k + k′) +
+
∑
i
[
Ai(ω − ω′)∂ξk
∂ki
σ0 +
1
2
A2i (ω)
∂2ξk
∂k2i
σ3 +
1
3!
A3i (ω)
∂3ξk
∂k3i
σ0 +
1
4!
A4i (ω)
∂4ξk
∂k4i
σ3
]
(S5)
with k = (iΩn,k) and Ωn = 2piTn bosonic Matsubara
frequencies. Here A2j (ω) ≡
∫
dω′Aj(ω − ω′)Aj(ω′) is
the Fourier transform of [A(t)]2, and analogous convo-
lution formulae hold for higher powers of the gauge field.
The second line of Eq. (S5) represents the transcription
on the lattice of the usual (∇θ)2 term for a continuum
model, analogously to the A2i (ω) term that represents
the transcription of the usual diamagnetic term A2n/m
in the continuum. In addition, in contrast to the con-
tinuum model, the lattice self-energy (S5) depends in
principle[S2, S3] on all higher-order powers of the θ and
A fields. Here however we only retained the terms rele-
vant for the derivation of the action up to terms of order
2+ 31 1333
= +
(a)
(b)
S(4) =
χ(0) χA2H δ∆
δ∆ = 1 3 1 3
χA2H
1 31 1
Figure S1. Figure (a): diagrammatic representation of S(4).
The wavy and dashed lines denote the gauge and Higgs fields,
respectively, while the labels 1, 3 refer to the vertex insertions
of the Pauli matrices σ1 and σ3, respectively. Figure (b) repre-
sents the vertex correction of χA2∆ in the amplitude channel,
which defines the variation of the order parameter, δ∆, due
to the applied external field A.
A4i , and we considered directly the case of an uniform
e.m. field.
As one can see from Eq. (S4) the effective action gives
an expansion on powers of the bosonic fields, whose coef-
ficients are fermionic susceptibilities that contain all the
relevant information on the quasiparticle degrees of free-
dom. Away from half-filling the phase/density fluctua-
tions are in general coupled both to the gauge field and
to the amplitude fluctuations ∆. The expansion of S up
to quartic order in A is then given by the generalization
of Eq. (5) of the manuscript, i.e.
S[A] =
1
2
∑
Ωn
e4A2i (Ωn)χ
CP
ij (Ωn)A
2
j (Ωn) +
+ 2e2A2i (Ωn)χA2i∆(Ωn)∆(−Ωn) +
+ 2e2A2i (Ωn)χA2iρ(Ωn) [ρ(−Ωn)− iΩnθ(−Ωn)] +
+
1
2
∑
q
Ψ†(q)MˆFL(q)Ψ(q) , (S6)
where ΨT (q) =
(
∆(q) θ(q) ρ(q)
)
is a vector containing
the fluctuating fields, whose Gaussian fluctuations are
described by the matrix[S4]:
MˆFL =
2/U + χ∆∆(Ωn) iΩn2 χρ∆(Ωn) χρ∆(Ωn)− iΩn2 χρ∆(−Ωn) Ω2n4 χρρ(Ωn) − iΩn2 χρρ(Ωn)
χρ∆(−Ωn) iΩn2 χρρ(Ωn) −1/Vq + χρρ(Ωn)
 .
(S7)
The various bubbles, given explicitly in the main
manuscript, are defined in terms of the Green’s functions,
as
χCPij (iΩn) ≡
T
Ns
∑
k,m
∂2i εk∂
2
j εkTr [G0(k, iωm + iΩn)σ3G0(k, iωm)σ3] (S8)
χA2i∆(iΩn) ≡
T
Ns
∑
k,m
∂2i εkTr [G0(k, iωm + iΩn)σ3G0(k, iωm)σ1] (S9)
χA2iρ(iΩn) ≡
T
Ns
∑
k,m
∂2i εkTr [G0(k, iωm + iΩn)σ3G0(k, iωm)σ3] (S10)
χρ∆(iΩn) ≡ T
Ns
∑
k,m
Tr [G0(k, iωm + iΩn)σ3G0(k, iωm)σ1] (S11)
χρρ(iΩn) ≡ T
Ns
∑
k,m
Tr [G0(k, iωm + iΩn)σ3G0(k, iωm)σ3] (S12)
X∆∆(iΩn) ≡ 2
U
+ χ∆∆ =
2
U
+
T
Ns
∑
k,m
Tr [G0(k, iωm + iΩn)σ1G0(k, iωm)σ1] (S13)
As one can see, apart from the modulation factors ∂2i εk, one recovers that χA2i∆ ∼ χρ∆ and χA2iρ ∼ χρρ. While in
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Figure S2. (a)-(d) Additional diagrams contributing to S(4).
The (a) is independent on the transferred frequencies, while
the remaining ones (b)-(d) are trivially zero when computed
at zero external momenta. (e) Diagram defining the param-
agnetic response in the linear response regime. It leads to the
emptying of the condensate in the static limit (ω = 0, q→ 0),
whereas it vanishes at q = 0 and finite ω.
the low-density limits the derivatives of the band disper-
sions just reduces to a constant, at half-filling (µ = 0),
where particle-hole symmetry is exact, they are crucial
to decouple the amplitude mode and the e.m. field from
the density/phase modes. In this case one only retains
the second line of Eq. (S6), and after integration of the
Higgs mode one is left with Eq. (10) of the manuscript,
S(4)[A] =
e4
2
∫
dt dt′
∑
i,j
A2i (t)Kij(t− t′)A2j (t′),(S14)
Kij(t− t′) =
[
χCPij (t− t′) + χHij (t− t′)
]
,(S15)
where
χHij (iΩn) ≡ −
χA2i∆(iΩn)χA2j∆(iΩn)
X∆∆(iΩn)
, (S16)
The structure of the quartic action (S14) is diagrammat-
ically represented in fig. S1. Here δ∆ denotes the vari-
ation of the order parameter from its equilibrium value
due to the external perturbation, which is obtained by
dressing χA2H with the vertex correction in the ampli-
tude channel (see fig. S1-(b)):
δ∆(ω) = e2
χA2∆(ω)
X∆∆(ω)
A2(ω). (S17)
Notice that in addition to the diagrams shown in Fig.
S1, and included in the Eq. (S14), one can have in prin-
ciple several other terms of order A4i , coming from the
insertion of various Ani term of the self-energy (S5), as
shown in Fig. S2 (a)-(d). They have been omitted in
S(4) since the first one is independent on the transmitted
frequencies, while those having the σ0 insertions trivially
vanish when computed at zero external momenta. This
is indeed a general result which follows from elementary
algebra principles and holds for the whole class of di-
agrams having an arbitrary number of insertions of σ0
and only one insertion of σi (with i = 0, . . . 3). Despite
such a rule does not hold any more in the presence of
impurities, we expect that all this kind of diagrams will
still be regular functions of the external frequencies. An
illustrative example is represented by the diagram S2-(e),
which defines the paramagnetic response in the linear re-
sponse regime. As it is well known[S3], in the static limit
(ω = 0, q → 0) it accounts for the reduction of the
superfluid stiffness at finite temperature due to thermal
excitations of quasiparticles, while it vanishes in the op-
posite dynamic limit (q = 0, ω 6= 0). In the presence of
disorder it also contributes to the dynamic limit, leading
to the optical absorption at ω > 2∆0, without however
any divergence at ω = 2∆0, in contrast to the diagrams
constructed with two σ3 insertions.
Away from half-filling the phase/density fluctuations
couple to the fields ∆ and A. In particular, the density
fluctuations ρ, mediating the Coulomb repulsion, screen
the other fields. By expliciting integrating the density
and phase fields from Eq. (S6), and taking the lmit q→ 0
where 1/Vq → 0, one is left with the same structure (S15)
of the non-linear kernel, provided that the CP and Higgs
part as screened as given by Eqs. (19)-(20) of the main
text, i.e.
χCPij → χCP,scij = χCPij −
χ2A2ρ
χρρ
, (S18)
χH → χH,sc = −
(
χA2∆ − χA2ρχρ∆/χρρ
)2
X∆∆ − χ2ρ∆/χρρ
. (S19)
THG BY AN IMPULSIVE ELECTRIC FIELD
In the previous section we have studied the THG when
the applied electric field is a monochromatic wave. To
better simulate the experiment described in [S5] we now
consider an impulsive multi-cyclic field, having a rela-
tively narrow spectrum of frequencies. To this purpose
we choose:
A(t) = A0e
−(t/τ)2 cos (Ωt) , (S20)
where τ is a time constant which determines the dura-
tion of the impulse. The incoming electric field, given by
the time derivative of Eq. (S20), is shown in Fig. 3a of
the manuscript, and its corresponding power spectrum
is shown in Fig. 3b for three different values of the cen-
tral frequency Ω = Ωi. By using the definition of the
non-linear current given in Eq. (14) of the main text one
easily finds that:
4JNLθ (ω) = −
e4A30τ
2
√
8
∫
dω′Kθ(ω′) exp
[
−τ
2
8
(
3ω′2 + 2ω2 − 4ωω′ + 2Ω2)] cosh [τ2
2
Ω (ω − ω′)
] [
1 + e−
τ2
2 Ω
2
cosh
(
τ2
2
Ωω′
)]
.
(S21)
As we discuss in the main text, the outgoing electric
field is expected to be proportional to the non-linear cur-
rent, |Eout(ω)|2 ∝ |JNLx (ω)|2. The power spectra of the
outgoing fields generated by the CP or Higgs processes
are shown in Fig. S3 for the lowest (Ω1) and intermedi-
ate (Ω2) value of the central frequency. As one can see,
in addition to the peak at ω = Ωi an additional peak
appears around ω = 3Ωi, whose absolute intensity and
temperature variation depend on the nature of the reso-
nant process. Notice the close resemblance between the
experimental data shown in Fig. 3D of Ref. [S5] and the
temperature evolution of the power spectra for Ω = Ω2,
where the variation of THG intensity is accompanied by
a small shift of the peak maximum. To make a direct
comparison with the data shown in Ref. [S5], we adopt
the same definition of THG intensity at each temperature
as the one given there, i.e. we take the value at ω = 3Ω
(ITHGx (Ω) = I0
∣∣JNLx (3Ω)∣∣2) and we plot it as a function
of temperature in Fig. 3e-f of the manuscript. As it is
clear from Fig. S3a-b, while for Ω = Ω2 the tempera-
ture evolution of the THG intensity is similar for CP and
Higgs processes, for Ω = Ω1 the relative enhancement of
the CP intensity at the temperature T ' 0.9Tc, where
the resonant condition Ω2 = ∆0(T ) occurs, is much more
pronounced with respect to the Higgs processes. When
all the intensities are rescaled to the value obtained at
the resonance, as done in Fig. 3d-f of the main text,
this difference leads to the different T evolution of the
ITHG(T ) shown in the two panels e and f.
DERIVATION OF THE NON-LINEAR OPTICAL
KERNEL WITHIN THE PSEUDOSPIN
FORMALISM
Let us shown how the non-linear optical kernel Kij of
Eq. (S15) can be derived also by means of the Anderson
pseudospin formalism, used in the previous theoretical
work[S5, S6]. The Anderson pseudospin are defined by
σk =
1
2Ψ
†σΨk, where Ψk =
(
ck↑, c
†
−k↓
)T
is the Nambu
spinor and σ = (σ1, σ2, σ3), so that the components of
σk represent the amplitude, phase and density degrees
of freedom, respectively. The mean-field Hamiltonian in
the presence of the (uniform) electromagnetic field can
then be written as:
HBCS = 2
∑
k
bk · σk , (S22)
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Figure S3. Temperature evolution of the power spectra of the
outgoing electric field generated by CP (a,c) or Higgs (b,d)
processes corresponding to the incoming THz pulse (S20) for
two different values of the central frequency Ω. The peak
around 3Ωi defines the THG intensity. The calculations have
been done in the case n = 1, U/t = 2.6. Simulations at dif-
ferent electron densities give similar results for the relative T
variations.
with:
bk =
(
−∆′(t),−∆′′(t), ξk−eA(t) + ξk+eA(t)
2
)
,
(S23)
and ∆(t) = UNs
∑
k 〈σxk(t) + iσyk(t)〉 the SC order param-
eter. Here the brackets 〈·〉 denote the expectation value
computed over the BCS ground state | ΨBCS 〉, so that
the previous definition of ∆ is self-consistent.
The equation of motion for 〈σk(t)〉, as deduced from
the Shroedinger equation for | ΨBCS(t) 〉, can be written
as:
∂t〈σk〉 = 2bk × 〈σk〉 . (S24)
We solve (S24) in perturbation theory with respect to
A2, by writing:
〈σk(t)〉 = 〈σk(0)〉+δσk(t) and bk(t) = bk(0)+δbk(t) ,
(S25)
with:
〈σk(0)〉 =
(
∆0
2Ek
, 0,− ξk
2Ek
)
; (S26a)
bk(0) = (−∆0, 0, ξk) ; (S26b)
5δbk(t) =
(
−δ∆′(t), 0, e
2
2
∑
i
∂2i kA
2
i (t) +O(A
4)
)
,
(S26c)
where we included for the sake of simplicity only the am-
plitude fluctuations δ∆′(t), the extension to the case hav-
ing also phase fluctuations δ∆”(t) being straightforward.
The linearized equations of motion at T = 0 then read:
∂tδσ
x
k(t) = −2ξkδσyk(t)
∂tδσ
y
k(t) = 2ξkδσ
x
k(t) + 2∆0δσ
x
k(t)+
+ 12Ek
[
e2∆0
∑
i ∂
2
i kA
2
i (t)− 2ξkδ∆′(t)
]
∂tδσ
z
k(t) = −2∆0δσyk(t)
. (S27)
Notice that (S27) have to be solved self-consistenlty, by
imposing: δ∆(t) = UNs
∑
k [δσ
x
k(t) + iδσ
y
k(t)].
The first and the last equations of the system (S27),
along with the initial conditions δσk(0) = 0, lead to the
identity:
ξkδσ
z
k(t) ≡ ∆0δσxk(t), (S28)
which allows one to reduce the number of equations.
The non-linear current can be expressed in the pseu-
dospin formalism as[S5]:
JNLi = −2e2Ai(t)
∑
k
∂2εk
∂k2i
δσzk(t), (S29)
i.e. it is controlled by density fluctuations, in agree-
ment with the general argument discussed in the main
manuscript. To compute the current one then needs to
deduce δσzk(t) by solving the system (S27). By simple
algebra one can express it in the Fourier space as:
δσzk(ω) = e
2
∑
j
∂2j εk
∆20
Ek(ω2 − 4E2k)
A2j (ω) +
− ∆0ξk
Ek(ω2 − 4E2k)
δ∆′(ω), (S30)
where δ∆′(ω) from Eq. (S27) coincides with the expres-
sion (S17) derived above from Eq. (S6). By inserting
then Eq. (S17) into Eq. (S29) one finds back the defini-
tion (S15) of the electromagnetic kernel. In particular,
one recovers again the presence of a CP term that is
strongly diverging at ω = 2∆0. This contribution has
been overlooked by the authors of Refs. [S5, S6] since
they made the replacement
∑
k
∂2εk
∂k2i
δσzk(t)→ −
1
2
∑
k
ξkδσ
z
k(t). (S31)
By making the assumption (S31) and using the identity
(S28), the authors of Ref. [S5, S6] deduced that the non-
linear current should be always written as:
JNL(t) =
e2∆0
U
A(t)〈∆(t)〉. (S32)
However, the replacement (S31) is clearly wrong, since
from Eq.s (S29) and (S30) one immediately sees that
JNLi , being a non-linear current, depends in general in
asymmetric way on the two Ai components. As we dis-
cuss in the main text, within the formalism of Eq. (S6),
the replacement (S31) corresponds to replace each ∂2i εk
term in Eq. (S8) with ξk, thus removing the divergence
of the CP part at ω = 2∆ and loosing the tensorial na-
ture of the CP term. This mistake lead the authors of
Ref. [S5] to miss the existence of CP processes, and to
attribute the THG intensity always to the sub-dominant
Higgs-mode excitation.
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